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1 Solving the Model

1.1 Households

An individual agent’s maximization problem depends on whether she receives transfers or not.
This will of course depend on the agent’s initial ability level which in turn determines her
income. We will have to calculate threshold ability levels θ∗E and θ∗L that determine whether
an agent is poor enough to receive means tested early or late transfers, respectively. Whenever
the initial ability/income level is below the threshold θ < θ∗E , then the agent’s labor income is
low enough in order for early transfers to be positive, TE (θ) > 0.Whenever the agent’s innate
ability is equal or above this threshold, θ ≥ θ∗E then early transfers will be zero, TE (θ) = 0.
Similar conditions on ability hold for transfers in the second period. When second period wealth
is low enough baed on the agent’s ability θ < θ∗L, then late transfers are positive, TL (θ) > 0.
Whenever the initial ability is equal or above this threshold, θ ≥ θ∗L, then late transfers will be
zero, TL (θ) = 0. This will generate four agent types, type one receives transfers when young
and old, type two receives transfers when young only, type three receives transfers when old
only, and type four does not receive any transfers.

Before substituting the budget constraints we first find the optimal relation between con-
sumption and leisure. The ratio of marginal utilities has to equal the price ratio when solutions
for leisure are interior, i.e. for l ∈ (0, 1) it holds that

(1− η)ct
ηlt

= (1− bE)
(
1− τL

)
wtθ.

We can now express leisure in terms of consumption as

lt = min (Θt (θ) ct, 1) , (1)

where Θt (θ) =
((1−η)/η)

(1−bE)(1−τL)wtθ
. Leisure is restricted to be within zero and one. We will next

solve for the interior solution and then for the corner solution where leisure equals one.

1.1.1 Interior Solution for Leisure

We use expression (1) to substitute leisure out of the household budget constraint of the young
individual and get

ct + st = (1− bE)
(
1− τL

)
wtθ

(
1−

((1− η)/η)

(1− bE) (1− τL)wtθ
ct

)
+ aE.

After some simplifications this becomes

pcct + st = (1− bE)
(
1− τL

)
wtθ + aE,

where pc =
(
1 + 1−η

η

)
. Finally, we substitute leisure out of the preferences using (1) and get

the preferences for the first period in consumption goods only as

u (ct, lt) =

(
cηt (Θt (θ) ct)

1−η
)1−σ

1− σ
= χt (θ)

c
(η+1−η)(1−σ)
t

1− σ
,
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where χt (θ) = Θt (θ)
(1−η)(1−σ) . Now the maximization problem can be written as

max
{ct,ct+1,st}

{

χt (θ)
c
(1−σ)
t

1− σ
+ β

c1−σt+1

1− σ

}

s.t.

θ < θ∗E ∧ θ < θ
∗
L :

{
pcct + st = (1− bE)

(
1− τL

)
θwt + aE ,

ct+1 = (1− bL)Rt+1st + aL,

θ < θ∗E ∧ θ ≥ θ
∗
L :

{
pcct + st = (1− bE)

(
1− τL

)
θwt + aE ,

ct+1 = Rt+1st,

θ ≥ θ∗E ∧ θ < θ
∗
L :

{
pcct + st =

(
1− τL

)
θwt,

ct+1 = (1− bL)Rt+1st + aL,

θ ≥ θ∗E ∧ θ ≥ θ
∗
L :

{
pcct + st =

(
1− τL

)
θwt,

ct+1 = Rt+1st,

where Rt =
(
1 +

(
1− τK

)
rt
)
and

(
1− τK

)
rt is the after tax interest rate. Households take the

function relating transfers to savings into consideration. This results in the following decision
rule for private savings

θ < θ∗E ∧ θ < θ
∗
L : st (θ) =

[
(1− bE)

(
1− τL

)
θwt + aE

] [pcβ(1−bL)Rt+1
χt(θ)

] 1
σ

− pcaL

pc (1− bL)Rt+1 +
[
pcβ(1−bL)Rt+1

χ
t
(θ)

] 1
σ

, (2)

θ < θ∗E ∧ θ ≥ θ
∗
L : st (θ) =

[
(1− bE)

(
1− τL

)
θwt + aE

] [pcβRt+1
χ
t
(θ)

] 1
σ

pcRt+1 +
[
pcβRt+1
χt(θ)

] 1
σ

, (3)

θ ≥ θ∗E ∧ θ < θ
∗
L : st (θ) =

(
1− τL

)
θwt

[
pcβ(1−bL)Rt+1

χt(θ)

] 1
σ

− pcaL

pc (1− bL)Rt+1 +
[
pcβ(1−bL)Rt+1

χt(θ)

] 1
σ

, (4)

θ ≥ θ∗E ∧ θ ≥ θ
∗
L : st (θ) =

(
1− τL

)
θwt

[
pcβRt+1
χt(θ)

] 1
σ

pcRt+1 +
[
pcβRt+1
χt(θ)

] 1
σ

. (5)

The threshold level of θ∗E and θ∗L that determine whether the household will receive targeted
transfers are determined by the respective payout functions TEt (θ) and TLt (θ) and can be
expressed as implicit function system

aE − bE
(
1− τL

)
(1− lt (θ

∗
E, θ

∗
L)) θ

∗
Ewt = 0, and (6)

aL − bLRt+1st (θ
∗
E, θ

∗
L) = 0. (7)
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1.1.2 Corner Solution for Leisure

We next check the corner case for leisure l = 1. Preferences of the young agent will then reduce
to

u (ct, lt = 1) =
c
η(1−σ)
t

1− σ
,

and the maximization problem reduces to

aE < T
e∗
t : max

{ct, ct+1, st}

{
c
η(1−σ)
t

1− σ
+ β

c1−σt+1

1− σ

}

(8)

s.t.

ct + st = aE ,

ct+1 = (1− bL)Rt+1st + aL,

for the case where early transfers are low enough so that the agent is eligible to receive late
transfers as well. If early transfers are beyond a certain level, then the agent is too rich and is
not eligible for late transfers anymore and her problem reduces to

aE ≥ T
e∗
t : max

{ct, ct+1, st}

{
c
η(1−σ)
t

1− σ
+ β

c1−σt+1

1− σ

}

s.t.

ct + st = aE ,

ct+1 = Rt+1st,

where T e∗t is a similar threshold as the one above which determines whether the income (from
transfer income) of the young is small enough, so that they have low enough wealth to be
eligible for transfers when old. Note that the agent income does not depend on her ability type
θ anymore as the agent decides to not work at all. Her only source of income are the early
transfers from the government. If this early transfer is small enough, the agent will be eligible
to receive transfers when old as well. Substituting the budget constraints in the objective
functions we get again first order conditions of the form

aE < TE∗ : η (aE − st)
η(1−σ)−1 = β (1− bL)Rt+1 ((1− bL)Rt+1st + aL)

−σ ,

aE ≥ TE∗ : η (aE − st)
η(1−σ)−1 = βRt+1 (Rt+1st)

−σ .

In this case we cannot get an explicit expression for savings. We therefore use implicit functions
of the following form

aE < TE∗ : F (st) ≡ η (aE − st)
η(1−σ)−1

−
β (1− bL)Rt+1

((1− bL)Rt+1st + a)
σ = 0, (9)

aE ≥ TE∗ : F (st) ≡ η (aE − st)
η(1−σ)−1

− βRt+1 (Rt+1st)
−σ = 0, (10)

to determine the optimal amount of savings and solve for savings numerically. We can then
solve for the threshold transfer level TE∗ that determines whether the old agent receives a
targeted transfer. The criterion is again derived from the payout formula for late transfers,
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expression TLt (θ) and can be written as implicit function

G
(
TE∗t

)
≡ a− bRt+1s

∗
t (T

e
t ) = 0.

1.2 Government

Using the first order conditions from the firm’s problem we can simplify the expression for total
tax revenues Taxt =

[
τL
∫
Θwtht (θ)dF (θ) + τ

K
∫
Θ rtst−1 (θ) dF (θ)

]
to

Tax =
[
τL (1− α) + τKα

]
AKα

t H
1−α
t − τKδK,

and the two government budget constraints reduce to

∫ θ∗
E

θ

[
aE − bE

(
1− τL

)
(1− lt (θ)) θw

]
dF (θ) = λTax, (11)

∫ θ∗
L

θ
[aL − bLRtst−1 (θ)] dF (θ) = (1− λ)Tax, (12)

where the integrals on the left hand side of expressions (11) and (12) are over the fraction of
the young respectively old population that have low enough ability endowment θ in order to
be entitled to early, respectively late transfers. The government sets a mixture of parameters
λ, aE , bE , aL, bL, τ

L and τK such that equations (11) and (12) hold.

2 Algorithm

Algorithm 1 1. Discretize the space of innate abilities and form a vector #θ =
[
θ, ..., θ̄

]
, so

that an individual ability θi ∈ #θ

2. Create a vector of population mass per ability level using the log normal distribution:

#n = lognormpdf
(
#θ
)

3. Calculate total population size N =
∑
Θ #n

4. Guess starting value for capital K

5. Start loop:

(a) Derive factor prices q, w, and R using firm first order conditions

(b) Solve the household problem for each household i:

i. solve for savings s (θ) using (2)

ii. if s < 0, set savings s = 0

iii. if aL − bLRs (θ) < 0 solve again for savings using the equation for case: θ ≥ θ∗L
in expression (3)

iv. if s < 0, set savings s = 0

v. calculate consumption ct and leisure lt
vi. if aE − bE

(
1− τL

)
wθ < 0 solve again for savings using the equation for case:

θ ≥ θ∗E in expression (4)

vii. if lt > 1, set lt = 1 and solve again for savings using the maximization problem
for l = 1 in (8)
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viii. if s < 0, set savings s = 0

ix. if aL − bLRs (T
e∗) < 0, solve again for savings using the expressions for case:

T e ≥ T e∗ in expression (10)

x. if s < 0, set savings s = 0

xi. calculate consumption when young ct

xii. calculate consumption when old ct+1

(c) Aggregate savings using population mass vector:

Knew = S =
1

N

∑
Θ
s (θ)× #n

(d) Clear government budget constraints (11) and (12) for aE and for either: aL, bL, τ
L,

or τK

(e) Calculate error: err = abs (Knew −K)

(f) Consistency check of aggregate resource constraint: Cold + Cyoung + Syoung = Y +
(1− δ)K

(g) if err > tolerance, repeat from step (a) with K = 0.5Knew + 0.5K
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3 Sensitivity analysis

3.1 Changes in the intertemporal rate of substitution σ
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Figure 1: Sensitivity Analysis: σ = 2.3

0 0.1 0.2
90

100

110

120

130

140

150

160

170

180
[1] Output Y

τ
L
,τ

K

Y

 

 

US

EL

ES

LL

LS

NR

0 0.1 0.2
70

75

80

85

90

95

100

105

110
[2] Aggregate Welfare

τ
L
,τ

K

Ag
g. W

elfa
re

0 0.1 0.2
−200

−150

−100

−50

0

50

100
[3] Low Income: Lifetime Utility

τ
L
,τ

K

Life
tim

e U
tilit

y

Figure 2: Sensitivity Analysis: σ = 2.5 (Benchmark)
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Figure 3: Sensitivity Analysis: σ = 2.7
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3.2 Changes in the preference weight on consumption η
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Figure 4: Sensitivity Analysis: η = 0.34

0 0.1 0.2
90

100

110

120

130

140

150

160

170

180
[1] Output Y

τ
L
,τ

K

Y

 

 

US

EL

ES

LL

LS

NR

0 0.1 0.2
70

75

80

85

90

95

100

105

110
[2] Aggregate Welfare

τ
L
,τ

K

Ag
g. W

elfa
re

0 0.1 0.2
−200

−150

−100

−50

0

50

100
[3] Low Income: Lifetime Utility

τ
L
,τ

K

Life
tim

e U
tilit

y

Figure 5: Sensitivity Analysis: η = 0.37 (Benchmark)
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Figure 6: Sensitivity Analysis: η = 0.40
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3.3 Changes in the lifetime income distribution parameter µ
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Figure 7: Sensitivity Analysis: µ = 13, (= US441, 000)
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Figure 8: Sensitivity Analysis: µ = 13.4346, (= US683, 000) Benchmark
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Figure 9: Sensitivity Analysis: µ = 13.6, (= US806, 000)
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3.4 Changes in the lifetime income distribution parameter σI
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Figure 10: Sensitivity Analysis: σI = 0.38
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Figure 11: Sensitivity Analysis: σI = 0.415 (Benchmark)
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Figure 12: Sensitivity Analysis: σI = 0.45
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